This study aims at theoretically and experimentally investigating the buckling behavior of bilaterally constrained beams with respect to different geometric parameters and conditions. The theoretical models are developed based on small and large deformation theories, respectively. The nonlinear Euler-Bernoulli beam theory is used to form the governing equations. An energy method is introduced to solve the equilibrium beams by minimizing the total potential energy with respect to the weight coefficients of the buckling modes. The theoretical models are compared with experiments. Good agreements are obtained with respect to the force-displacement relationship and deformed beam shape configuration. This study indicates that the small deformation model is insufficient in predicting beam end shortening since the longitudinal displacement is negligible in the model. The large deformation model effectively predicts severe deflection of beams in terms of end shortening and rotation. Parametric studies are carried out to indicate the applicability of the presented models. In particular, the small deformation model is defined as ''more applicable'' when the difference of the post-buckling response between the small and large deformation models is less than 5% (Diff\5%), given that its computational cost is generally smaller than the large model. In contrast, when the difference is greater than 5%, the large deformation model is suggested. In the end, a polynomial function is fitted to define the relationship between the ratio of net gap-to-beam length h and highest achievable buckling mode F. The presented small and large deformation models are effective in understanding and predicting the post-buckling responses of laterally confined beams under different conditions.
Introduction
Over the centuries, buckling and post-buckling of slender members have caused various instability issues to structures, especially for the members made of the materials with low shear stiffness and high resilience. Recently, however, research focuses have been shifted from preventing buckling to employing it in different types of ''smart applications''. The implementations of post-buckling response are extensively found in monostable, bistable and multistable mechanisms, for example, actuation, damage sensing, energy harvesting, etc. [1] [2] [3] [4] [5] [6] [7] [8] ]. An energy harvesting technique has been developed to transform ambient energies into electrical power based on the post-buckling behavior of bilaterally confined beams [9] . Sufficiently converting energies, this buckling-based energy harvester has been used to power a remote wireless sensor [10, 11] . The limitations of wiring harness and battery lifetime are solved by the energy harvesting mechanism and therefore, the wireless sensor efficiently generates monitoring data for different applications, for example, damage detection in structural health monitoring [12] [13] [14] [15] . In order to optimize the energy conversion of the harvester, it is of research interest to control the buckling response of the bilaterally constrained beams. The buckling behavior of the beams is significantly affected by the gap between the bilateral walls. However, a very few studies have been conducted to indicate the influence of the walls gap on the buckling performance of constrained beams. Nor have adequate studies identified the applicability of the small and large deformation theories with respect to different geometric properties. A review of the literature demonstrates that research efforts have been devoted to the buckling analysis of slender elements without lateral constraints. In order to strengthen slender structures, an I-beam element with sinusoidal web geometry was theoretically and experimentally studied by Jiao et al. [16] . The critical buckling capacity of the proposed element was improved. Using the first order shear deformation theory, Ovesy et al. [17] developed a layerwise approach to study the delamination of composite plates due to post-buckling. On the other hand, many studies have been conducted based on the large deformation theory. Sofiyev and Kuruoglu [18] studied the buckling response of orthotropic conical shells under compression using large deformation-based von Ka´rma´n-Donnell kinematic nonlinearity. Santos and Gao [19] presented a canonical dual mixed finite element method to examine the post-buckling behavior of largely deformed planar beams. However, without the constraints along the element length, that is, constraints in the longitudinal direction, only the critical load in the first buckling mode F1 is obtained in these studies. Figure 1 displays the deflected shape configuration of a bilaterally confined beam in different buckling modes (i.e., F1, F3, and F5).
Motivated by identifying and exploiting post-buckling response, various types of lateral controls have been taken into account [20] . Chai [21] developed a model to theoretically and experimentally measure the buckling behavior of bilaterally constrained beams subjected to axial compressions. Equilibrium conditions and geometric compatibility were used in the study to obtain the force-displacement relationship and deflected shape configuration. Domokos et al. [22] studied the effect of bilateral sidewalls on the post-buckling behavior of beams subjected to different boundary conditions, that is, pinned-pinned and clamped-pinned. Holmes et al. [23] studied the elastic buckling of laterally constrained beams under axial displacement. The authors formulated the geometrically nonlinear problem using the Euler-Bernoulli beam theory. Global search and path-following approaches were proposed to numerically solve the governing equations. Liu and Chen [24] theoretically examined the post-buckling behavior of an elastica in straight channel with clearance. The Coulomb friction between the elastica and channel was effectively addressed. Ro et al. [25] proposed a method to capture largely deformed beams under lateral controls. By adjusting the boundary conditions and location of the beam between the rigid walls, different types of buckling equilibrium configurations were obtained. Katz and Givil [26] carried out a buckling analysis on beams between springily supported rigid walls. The governing equations in those studies were solved based on the equilibrium conditions and geometric compatibilities, and thus, the analyses were efficient in relatively lower buckling modes, for example, F1 and F3. In order to address the challenge of determining higher buckling modes, an energy method has been developed. The minimum total energy is maintained at every equilibrium state and therefore, beam shape configuration can be predicted by minimizing the total energy between bilateral constraints. Doraiswamy et al. [27] used the Viterbi algorithm to determine the minimum energy-based configuration of constrained beams under axial forces. More recently, Borchani et al. [28] minimized the total potential energy of buckling systems under small deformation assumptions using the Nelder-Mead algorithm. Satisfactory agreements were achieved between the theoretical and experimental results, especially in higher buckling modes (F5 or F7). An optimal design was conducted by Jiao et al. [29, 30] to effectively control the mode transitions of confined buckling elements by adjusting the cross-section geometries of the slender beams. However, more studies are of necessity to compare the post-buckling response of bilaterally confined beams between the small and large deformation models. Furthermore, the applicability of the small and large deformation models need to be investigated with respect to the geometric properties of beams.
This study aims at theoretically investigating the impact of the geometric properties on the postbuckling behavior of bilaterally constrained beams, and identifying the applicability of the small and large deformation models. The work can be summarized as follows:
1. Section 2 presents a post-buckling analysis on bilaterally confined beams subjected to gradually increasing, axial loading. The theoretical models are developed based on small and large deformation theories, respectively. The nonlinear Euler-Bernoulli beam theory is used to obtain the governing equations. An energy method is proposed to numerically solve the beam system. 2. Section 3 conducts experiments to verify the theoretical results with respect to the forcedisplacement relationship and deflected beam shape configuration. Satisfactory agreements are observed. 3. Section 4 shows the theoretical results, that is, deformed shape configuration and maximum rotation angle, obtained by the small and large deformation models. 4. Section 5 carries out parametric studies based on the proposed models. The buckling mode transition is investigated with respect to the axial displacement and net gap at different beam lengths. Surface fitting is provided to demonstrate the trends of buckling snap-through changes. Applicability of the small and large deformation models is examined to identify the similarity and difference between the presented models. In the end, a polynomial function is provided to predict the relationship of the beam length-to-net gap ratio h and highest achievable buckling mode F. 5. Section 6 summarizes and discusses the main findings in this study. 6. The appendices provide details of the eigenvalue analysis in the small deformation model, symmetry
in the large deformation model, and the amount of buckling mode shapes considered in this study.
Theoretical models

Problem formulation
The problem under consideration consists of a clamped-clamped prismatic homogeneous straight beam subjected to an axial load,p. The slender beam is placed between two frictionless rigid walls, adjacent to one constraint while apart from the other. The beam has a length L, thickness t, width b, cross-section area A, moment of inertia I and modulus of elasticity E. The gap between the bilateral constraints is h 0 and the net gap between the lateral wall and beam is h = h 0 À t, as shown in Figure 2 The net gap h is assumed to be comparable to the beam length and thus, the beam is significantly buckled under compression. The horizontal displacement of the beam l s ð Þ is no longer negligible, and the length projection of the deflected beam is not equal to the beam length, namely d 6 ¼ L. In addition, the relationship of the rotation angle in the small deformation is invalid, for example, u x ð Þ 6 ¼ sin u x ð Þ ð Þ. Hence, it is of necessity to take into account both the longitudinal and vertical deformations, x and y.
In order to capture the post-buckling behavior in the large deformation model, the neutral axis rotation angle u s ð Þ is used to define the system. The relationships between the rotation angle and the displacements in x and y directions are given as:
Small deformation model
The nonlinear Euler-Bernoulli beam theory is used to model the buckled beam in the small deformation model. The nondimensional governing equation of the beam subjected to an axial loadp is written as [28] : The boundary conditions are given as
where the nondimensional variables for x, buckling mode shapeŵ x ð Þ, and external forcep are defined as
and the normalized axial compressive force yields
The symmetric and asymmetric shape functions, G s and G a , are expressed as (Appendix A):
, a = 2, 4, 6, . . .
where the eigenvalues are solved, respectively, as Since these shape functions generate an orthogonal basis, a superposition method is used to express the deflections of the beams as a linear combination of different buckling modes. Therefore, the general shape function that consists of both symmetric and asymmetric components can be written as:
where a refers to the weight coefficient that determines the contribution of each buckling mode to the shape function. In order to determine the weight coefficients, the total potential energy of the system is taken into account.
In the small deformation model, the total potential energy at any equilibrium state contains three components: the bending energy u b ; compressive strain energy u c ; and work of external force u p . These energy components are written, in terms of the axial forcep and beam deflectionŵ x ð Þ, as:
Substituting equation (4) into equation (9), the normalized total potential energy based on the small deformation assumptions is given as:
where the dimensional total potential energy is scaled by
EIh 2 P Small . Substituting equations (6) and (8) into equation (10), the total potential energy can be written as:
Large deformation model
The large deformation theory is used in this section to investigate the post-buckling response of the beam under the gradually increasing force,p. The normalized governing equation of the largely deformed beam is expressed as [31] :
and the boundary conditions are given as
Note that because the deformation of the buckled beam is symmetric, this study takes into account 1 4 of the entire beam, that is,
. Since the beam is clamped at S = 0 while end other end is free to rotate, the boundary conditions are written as u 0 ð Þ = 0 and u
and N = ffiffiffiffif pL 2 EI q represents the normalized axial force placed on the deflected beam. Since a trivial solution, u S ð Þ = 0, always exists in equation (12), the problem can be identified as solving for the nontrivial solution. Integrating equation (12) yields the positive root
Note that an equation which formally coincides with equation (15) is typically obtained in the analysis of the oscillation of a simple pendulum and hence, it might be a standard expedient to introduce the Jacobi amplitude function
where k, the elliptic modulus, is defined in terms of the maximum deformation angle u max as:
Since u max can be expressed in terms of the axial loading P (equation (19) ), k in equation (16) can be determined. Detailed discussion is reported in [8] . As previously discussed, the maximum angle in the first buckling mode can be written as u max = u S ð Þj S = 1 4 . Therefore, the rotation angle u S ð Þ in equation (16) can be written as:
Considering the following identities [26] :
and am refers to the Jacobi amplitude function.
Multiplying equation (12) by du S ð Þ dS and substituting into equation (16), leading through trigonometric derivations, we obtain
Integrating equation (19) leads to a Jacobi amplitude function as:
where m = 1, 2, 3, . . . refers to the buckling mode of the system, and K k ð Þ represents the complete elliptic integral function of the first kind at F = p 2 . Similar to the discussion in equation (8) , since the rotation angles based on different buckling modes generate an orthogonal basis, a superposition method is used to express the deflections of the beams as linear combinations of the buckling modes. The rotation angle can be written as:
where b are the weight coefficients that represent the contribution of each buckling mode shape to the general shape-function. Taking equations (17) and (20) into equation (21), the rotation angle, u S ð Þ, is eventually obtained as:
where sn denotes the Jacobi sine amplitude function. According to the relationship given in equation (1), the dimensionless displacements of the beam in the longitudinal and transverse directions are expressed as:
Taking equation (22) into equation (23) leads to the expressions of X S ð Þ and Y S ð Þ as:
where cn stands for the Jacobi cosine amplitude function, and E refers to the incomplete elliptic integral function of the second kind. Similar to the small deformation model, the total potential energy is used to determine the weight coefficients b in equation (24) . The total potential energy in the system contains two components, namely the deformed beam's elastic energy and the work contributed by the external forcep. The normalized projection of the deformed beam in the longitudinal direction D can be calculated as [22] :
Thus, the normalized end shortening of the beam yields,
The normalized total potential energy in the large deformation model, P Large , is given as
EIh 2 P Large , and the normalized axial force Pis obtained in equation (4) Substituting equation (22) into equation (27) , the total energy can be defined in terms of the rotation angle of the beam's neutral axis u S ð Þ as:
Since the lateral walls can be modeled as the constraints imposed on the transverse deflection, the deflection of the beam should always be bounded by the distance in the net gap. Therefore, the total energy, P Small and P Large , defined in equations (11) and (28) can be minimized with respect to the transverse displacements, W X ð Þ and Y S ð Þ, given in equations (8) and (24), respectively. The minimization of the bilaterally constrained beam within the net gap, based on the small and large deformation assumptions, can be eventually written as:
One of the primary goals of this study is to investigate the buckling mode transitions, that is, F1 to F3, under compression. In order to obtain the post-buckling snap-through, we minimize the system's total energy with respect to the weight coefficients, that is, aandb in the small and large deformation models, respectively. Linear combination of buckling modes is used to formulate the deformation of the bilaterally constrained beams in this study. To numerically solve the minimization, the deflected beam is discretized into i i = 1, . . . , n ð Þsegments, where n is the total number of the segments. L and l i denote the beam length and the length of the i th segment, respectively. Given l i ( L, it is assumed that the normalized deflections of the i th segment, that is, W i X ð Þ and Y i S ð Þ in the small and large deformation models, respectively, are invariant. Figure 3 illustratively demonstrates the discretization of the deflected beam. It is worth pointing out that more segments lead to higher computational cost in the numerical minimization in equation (29) . In contrast, less segments result in inaccurate theoretical predictions. To obtain accurate results with acceptable computational cost, the segment length l i is suggested to be comparable to the beam thickness t. In order to obtain the post-buckling behavior with acceptable accuracy and computational efficiency, a total of 20 shape functions are taken into account (Appendix C). Since the objective function of the total energy is nonlinear, the Nelder-Mead algorithm is used in this study to numerically solve the unknown weight coefficients.
Experimental validation
Experimental setup
Experiments were conducted to validate the proposed small and large deformation models. The experimental setup and procedures followed the testing presented in Lajnef et al. [9] and Borchani et al. [32] . The slender beam was manufactured using the polycarbonate material. The beam with fixed-fixed end supports was placed between two adjustable, rigid aluminum constraining walls, as shown in Figure 4 . In particular, the testing sample was placed adjacent to one wall. The gap separating the lateral constraints was changed to formulate the small and large deformation scenarios. The loading protocol consisted of applying a gradually increasing compressive force to the top of the specimen using a universal mechanical testing frame. In order to highlight the deflected shapes of the tested specimens, the front edge of the specimen was painted in a fluorescent color. A black light was used to separate the beam from the ambience. The beam thickness, length, width, and Young's modulus are presented in Table 1 . Figure 5 displays the comparison of the force-displacement relationship between the small deformation model and experiments. The net gap is 4 mm. It can be seen that the force-displacement response of the beam can be predicted by the presented model. In particular, buckling mode transitions are satisfactorily captured by the theoretical results. Figure 6 shows the comparison of the deflected shape configurations between the large deformation model and experiments. The net gap is fixed as 20 mm. Figure 6 (a) presents the experimental observations of the buckling snap-through from mode F1 to F3. It can be seen that the buckled beam touched the sidewalls under compression. The point contact was enlarged to line contact when the external loading was increased, as detailed in the figure. Keeping the loading, the deformed beam reached the limit state of F1 and snapped into the third buckling mode F3. Figure 6 (b) displays the beam shape configuration obtained by the proposed large deformation model subjected to the same axial force. To demonstrate the accuracy, the difference between the experimental and theoretical results is shown in Figure 6 (c). The Canny algorithm is used to detect the deformed beam in the testing images. It can be seen that the difference between the experimental and theoretical results tends to be increased during the buckling mode transition. The large deformation model acceptably captures the deformed shapes of the slender beam at different buckling modes. 
Validation with experimental results
Findings and discussion
This section aims at investigating the effects of the geometric properties, that is, the beam length L and net gap h, on post-buckling response. In particular, the effects are studied with respect to the deflected beam shape configuration. Figure 7 presents the buckled shape configurations of the beam based on the small deformation model. The geometric and material properties in Table 1 are used. The net gaps are specifically selected as (a) 4 mm and (b) 10 mm. The post-buckling response is obtained using equation (8) and the coefficients a are determined by equation (29) . The buckling mode transitions are displayed in the three-dimensional perspective. The corresponding two-dimensional (2D) results are also included. captured, which coincide with the pattern in Figure 7 (a), namely the line contact and buckling snapthrough. Since the net gap is increased from 4 mm to 10 mm, ''more material'' is requested for the deflected beam to buckle into higher modes. The theoretical results in Figure 7 (b) achieve the fifth buckling mode F5 while Figure 7 (a) reaches the seventh F7. However, neither Figure 7 (a) nor Figure 7 (b) has obtained end shortenings since the longitudinal displacement in the small deformation model is negligible. Increasing the net gap, the rotation angle of the deformed beam will be significantly increased and the displacement in the longitudinal direction will be dramatically enlarged. Therefore, the assumptions of small deformation are no longer applicable. In order to accurately predict the post-buckling response of the deflected beam with critical rotation and end shortening, large deformation theory needs to be applied. Figure 8 shows the deflected beam shapes based on the large deformation model. The geometric and material properties summarized in Table 1 are used. The net gap is chosen as (a) 20 mm and (b) 100 mm. The post-buckling response is obtained by using equation (24) and the coefficients b are determined by equation (29) . In order to indicate the end shortening and maximum rotation angle, that is, u defined in equation (22) , the corresponding 2D beam shape deformations are presented. It can be seen that the end shortening and maximum rotation angle are measured by the large deformation model. Figure. Figure 8 (a) and therefore, the maximum rotation angle u and end shortening are not critically changed between different buckling modes. In contract, the net gap-to-beam length ratio in Figure  8 (b) is up to h L = 0:4, which results in severe increasing of the maximum rotation angle and endshortening. Table 2 presents the maximum rotation angle u and corresponding end shortening D displayed in Figure 8 . It is worth pointing out that the maximum rotation angles and end shortening under 20 mm net gap are measured at the buckling thresholds, that is, buckling model transitions. In other words, the u and D are not specifically selected. On the other hand, because the beam under 100 mm net gap does not experience buckling snap-through, the maximum rotation angles are preselected as u 1 , u 2 and u 3 are 608, 908 and 1208. The end shortenings are presented according to the specifically selected angles. Figure 9 displays the relationship between the maximum rotation angle and normalized end shortening. It is found that the rotation angle, that is, beam deformation, tends to be more severe when the end shortening is increased. To better demonstrate the variation trend between the two variables, a fitted curve is provided by minimizing the squares of deviation from the theoretical data. Figure 9 . Normalized end shortening versus maximum rotation angle using the large deformation model.
Small deformation model
Large deformation model
Parametric studies
In order to identify the applicability of the presented small and large deformation models, it is necessary to conduct parametric studies on the geometric properties of the post-buckling response of the deflected beam. The influences of the beam length L and net gap h are first investigated. In this section, the beam width and thickness are fixed as 30 mm and 2.3 mm, respectively. Figure 10 (a) indicates the post-buckling response of the bilaterally constrained beam with respect to the axial displacement and net gap at four beam lengths, that is, 150 mm, 200 mm, 250 mm, and 300 mm. The shaded region represents the results solved by the small deformation model. In general, the computational cost of the large deformation model is more expensive than that of the small deformation model, since the large model takes into account the displacements in both the longitudinal and transverse directions while the small model neglects the longitudinal displacement (beam end shortening). Therefore, the small deformation model is recommended in this study when the theoretical results from the small and large deformation models are identical (Diff\5%). When the difference between the two models is greater than 5% (Diff . 5%), the small deformation model is considered insufficient and hence, the corresponding large deformation results are presented. However, it is worth pointing out that Diff = 5% might not occur right at the border of the shaded region. This is mainly due to the limited theoretical data carried out in this study. With adequate theoretical results, the border between the small and large deformation regions might be slightly shifted. Figure 10 results of the buckling mode transitions in terms of the axial displacement, net gap and beam length. Figure 10 (c) displays the surface fitting based on the theoretical results presented in Figure 10(b) . Figure 11 displays the applicability of the small and large deformation models with respect to the ratio of net gap-to-beam thickness z and beam's slenderness ratio j. As discussed previously, the region labelled as ''small deformation'' refers to the scenario that the difference of the theoretical results between the small and large deformation models is less than 5% (Diff\5%), while the ''large deformation'' region represents the situation that the difference is greater than 5% (Diff . 5%). The applicability in this study takes into account the computational cost of numerically solving the small and large deformation models. The small deformation mode is defined as ''more applicable'' when Diff\5% since it requires less computation time to solve, and the large deformation is used when Diff . 5%. Figure 12 presents the post-buckling snap-through events in terms of the ratio of net gap-to-beam length h and buckling mode transition F. Given the buckling mode transition is dramatically affected by the geometric properties of the bilaterally confined beam, it is of significance to examine the limits of buckling snap-through. It can be seen in Figure 12 that the small deformation model is used when h\0:08, while the large model is suitable when h . 0:08. Meanwhile, it is observed that with the increase of h, the highest achievable buckling mode is critically decreased to F1. In particular, when h ! 0:5, the deformed beam cannot touch the bilateral walls and therefore, the buckling system is simplified to the case without lateral constraints. The maximum h at each specific buckling mode transition F are used to Figure 11 . Applicability of the small and large deformation models in terms of the ratio of net gap-to-beam thickness z, and the beam's slenderness ratio j. fit the polynomial function, such that the fitting function defines the relationship between the highest achievable buckling mode and ratio h.
Conclusions
The post-buckling response of the bilaterally constrained beams was theoretically investigated in this study. The presented models were developed based on small and large deformation theories, respectively. Nonlinear Euler-Bernoulli beam theory was used to obtain the governing equations. The proposed models were solved using an energy method that minimized the total potential energy of the buckled beam between the bilateral walls. The theoretical models were compared with experiments. Good agreements were obtained with respect to the force-displacement relationship and deflected beam shape configuration. Parametric studies were conducted to determine the applicability of the presented models. A pattern was gained with respect to the net gap-to-beam length ratio h and buckling mode transition F. When h\0:08, the small deformation model satisfactorily predicted the buckling snap-through events of the beam, and the large deformation model was accurate when h . 0:08. A polynomial function was fitted to effectively define the decreasing of the highest achievable buckling mode with respect to the increasing of h. The presented theoretical models successfully predict the post-buckling behavior of the bilaterally constrained beams with respect to the net gap and beam length and therefore, are effective in understanding and predicting the applicability of the small and large deformation models. The first four symmetric and asymmetric eigenvalues of equation (A3) are solved as equation (7). According to equation (A2), the constants a i (i = 1, . . . , 4) are dependent. Expressing a 2 , a 3 and a 4 in terms of C 1 and then substituting into equation (A1), the corresponding mode shapes are [32] :
Leading through trigonometric calculations, equation (A4) is rewritten as:
According to equation (A5), two cases are particularly considered:
Based on the first case, sin 
This study only considers the first 20 buckling mode shapes because of the following two reasons:
(1) Taking into account more mode shapes, for example m = 30, would significantly increase the computational cost. The configuration of computer and computation time are summarized in Table C1. (2) We find that considering more buckling mode shapes tends to lead to more severe numerical errors when numerically minimizing the total energy to solve for the weight coefficients, a and b, respectively. Therefore, the accuracy of the final results is affected. Figure C1 demonstrates the contribution and dominancy of the weight coefficients a in the small deformation model by considering the first 9 buckling modes (m = 9). It can be seen that the stable buckling modes tend to be dominated by the factor of the correlated mode shape, that i, F1 is controlled by a 1 , F3 by a 3 , and so on. We use, however, 20 mode shapes in this study, although the post-buckling response we present only reaches the 7th buckling mode F7 (Fig. 7(a) ). This is because the buckling mode transitions are complicated. It is necessary to consider more mode shapes to obtain more accurate buckling snap-through.
